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Abstract
We consider the XXZ model for a chain of particles whose spins are arbitrary
with the anisotropy parameter equal to the root of minus one and generalized peri-
odic boundary conditions. The conditions for the truncation of the functional fusion
relations of the transfer matrices are obtained. The truncation results in a closed
system of equations whose solution allows obtaining the energy spectrum.
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Introduction. The anisotropic Heisenberg XXZ-model describes a chain of N two-
level atoms and has the Hamiltonian
HXXZ =
N−1∑
i=1
(
σ+i σ
−
i+1 + σ
−
i σ
+
i+1 +
q + q−1
4
σzi σ
z
i+1
)
, (1)
where σµi are the Pauli matrices and q is the anisotropy parameter. Hamiltonian acts in
the Hilbert space of states (C2)⊗N , whose dimensionality is 2N . In 1931, Bethe proposed
a general method (i.e., the Bethe anzatz) that allows reducing the problem of obtain-
ing the eigenvalues and eigenvectors of the Hamiltonian to a problem known from the
classical calculus, namely, the problem of obtaining solutions of a certain system of tran-
scendental equations called the Bethe equations [1]. The connection established later
between quantum one-dimensional models and classical two-dimensional models of sta-
tistical physics showed that the central role in the Bethe method belongs to a relation
known as the Yang-Baxter equation. The quantum inverse problem method proposed by
Faddeev, Takhtadzhyan, and Sklyanin allowed systematizing and developing these ideas
in a more algebraic form [2]. The two-dimensional statistical six-vertex model (the ice
model) is connected with the quantum one-dimensional Heisenberg XXZ model. The
connection between the transfer matrix T (u) of the ice model and the Hamiltonian of the
Heisenberg XXZ model
HXXZ = −N
2
cos(η) + sin(η)
d
du
log T 1ˆ
2
, 1
2
(u)|u=0, (2)
where eiη = q, determines the correspondence between the energy eigenvalues and the
transfer-matrix eigenvalues. The operators T (u) and HXXZ commute and therefore have
∗gubanov@itp.ac.ru
1
the same system of eigenvectors. It was shown in [3] and [4], which focused on the Heisen-
berg model with the anisotropy parameter equal to the root of minus one (qp+1 = −1),
that if the XXZ-model is reduced onto a specially selected space of states, than the
resulting new model is equivalent in the thermodynamic limit (N → ∞) to a certain
minimal model of the conformal field theory. For example, in the case of open boundary
conditions of a special form the central charge is c = 1 − 6/p(p + 1). There exists an
infinite family of transfer matrices. They commute with each other and also satisfy an
infinite system of recursive functional fusion relations. It was shown in [5] that under
certain conditions, the fusion relations for the transfer matrices of the six-vertex model
are truncated and become a closed system of equations on eigenvectors such that the re-
duction on these eigenvectors in the thermodynamic limit leads to the minimal models of
the conformal field theory. In other words, studying the quantum group reduction of the
Heisenberg model and studying the conditions for the truncation of the fusion relations
for the transfer matrices of the six-vertex model are the same problem. An algebraic ex-
planation for the truncation of the fusion relations was given in [6, 7]. That the truncation
results in a closed system of equations that allows obtaining the spectrum without solv-
ing the traditional transcendental Bethe equations presents additional intrinsic interest.
The result can sometimes be obtained in an explicit form [7]. The preceding discussion
applies only to the chains of particles whose spins are 1
2
. In this work, we investigate
the Heisenberg XXZ-model for a chain of particles with arbitrary spins with generalized
periodic (twisted) boundary conditions. We first obtain the functional fusion relations
for transfer matrices with an arbitrary value of spin. We then investigate the necessary
conditions for the truncation of these relations. For this, we use the method based on the
second linearly independent solution of the Baxter equation proposed in [5], generalized
to the case of an arbitrary spin. We discuss suficient conditions for the truncation that
are obtained from an algebraic analysis of the transfer-matrix structure. The case of the
XXZ-chain of particles with spin 1 is examined as an example.
Fusion relations for transfer matrices of the six-vertex model with arbitrary
spin. Let the numbers l and j determine the respective spins in the quantum and
auxiliary spaces. The transfer matrix Tl,j(u) acts in the configuration (quantum) space
(C2l+1)⊗N , commutes for different values of the spectral parameter u and the auxiliary
space spin j,
[Tl,j1(u1), Tl,j2(u2)] = 0, (3)
and is therefore a generating function of the integrals of motion. In the six-vertex model
by definition, we have
Tl,j(u) = trpij
(
q−2βγ
z
Rl⊗j(u) . . .Rl⊗j(u)
)
, (4)
where β is the twist parameter, i.e., the number characterizing the boundary conditions
(the case where β = 0 corresponds to the usual periodic conditions). The matrix elements
of the operator γz in the representation with the spin j have the form
πj(γ
z)nk = (j + 1− n)δnk; n, k = 1, 2, . . . , 2j + 1. (5)
The operator Rl⊗j(u) acts in the space C
2l+1⊗C2j+1, and is a solution of the Yang-Baxter
equation
Rl⊗j(u− v)Rl⊗j′(u)Rj⊗j′(v) = Rj⊗j′(v)Rl⊗j′(u)Rl⊗j(u− v). (6)
For example, in the case of the quantum spin l = 1
2
, R-matrix of the six-vertex model has
the form
R 1ˆ
2
⊗j
(u) =
(
sin(u+ (1
2
+ Hˆ)η) sin(η)Fˆ
sin(η)Eˆ sin(u+ (1
2
− Hˆ)η)
)
, (7)
2
where the operators Eˆ, Fˆ , and Hˆ are the generators of the quantum algebra Uq(sl(2))
with the following matrix elements in the representation πj :
πj(Hˆ)mn = (j + 1− n) δm,n, m, n = 1, 2, . . . , 2j + 1.
πj(Eˆ)mn = ωm δm,n−1, πj(Fˆ )mn = ωn δm−1,n.
(8)
We introduce the notation ωn =
√
[n]q[2j + 1− n]q; [x]q = (qx− q−x)/(q− q−1). The R-
matrices with higher spins l > 1
2
can be relatively easily obtained by solving Yang-Baxter
equation (6) recursively. For R1ˆ⊗1(u), for example, we obtain
R11,11, R33,33 = sin(u+ η) sin(u+ 2η) (9)
R11,33, R33,11 = sin(u) sin(u− η)
R13,31, R31,13 = 2 sin(η) sin
2(η)
R11,22, R33,22, R22,11, R22,33 = sin(u) sin(u+ η)
R12,21, R21,12, R23,32, R32,23 = sin(2η) sin(u+ η)
R12,32, R21,23, R23,21, R32,12 = sin(2η) sin(u)
cos(η)− 1
2
cos(3η)− 1
2
cos(2u+ η) = R22,22.
We set the normalization of the R-matrices to be such that the matrix element R11,11(u)
represents a product of the form sin(u+η) sin(u+2η) . . . sin(u+2lη) In this normalization,
the R-matrix has no poles in the complex plane of the spectral parameter u. In the chosen
normalization, if we introduce new variables tl,j(u) instead of Tl,j(u) using the relations
j = 0 : tl,0(u) =
l− 1
2∏
k=−(l− 1
2
)
φ(u+ kη), (10)
j ≤ l − 1
2
: tl,j(u) = Tl,j(u)
l−j− 1
2∏
k=−(l−j− 1
2
)
φ(u+ kη),
j > l − 1
2
: tl,j(u) = Tl,j(u),
where
φ(u) ≡ sinN(u+ η/2), (11)
than the functional fusion relations for the transfer matrices become
tl, 1
2
(u− (j + 1/2)η) tl,j(u) = tl,0(u− (j + 1)η) tl,j− 1
2
(u+ η/2)
+ tl,0(u− jη) tl,j+ 1
2
(u− η/2). (12)
The procedure of obtaining the fusion relations is known [5, 8, 9, 10], in the course of this
procedure, it is important to attend to normalization rules (10, 11). We therefore omit
the detailed derivation of relation (12).
We call the operator
HXXZ =
sin(η) sin(2η) . . . sin(2lη)
sin2l−1(η)
d
du
log Tl,l(u)|u=0. (13)
the Hamiltonian of the anisotropic Heisenberg model for a chain of particles with spin
l > 1
2
in chosen normalization (10, 11), by analogy with Eq. (2). This operator describes
a chain of particles with spins l with the interaction only between nearest neighbors [4].
We note that T (u) in formula (2) denotes T1/2,1/2(u), where the indices are omitted for
simplicity. Generally, not only the nearest neighbor interaction, i.e., the dipole interaction,
but also the quadrupole interaction should be taken into account when describing a chain
of particles with spin l > 1/2, but this is beyond the scope of this work.
3
Connection of the transfer matrix with the first and second linearly indepen-
dent solutions of the Baxter TQ-equation. The transfer matrix Tl,j(u) is equal to
the trace of the monodromy matrix with respect to the auxiliary space [2]. The mon-
odromy matrix Ll⊗j(u) acts in the configuration space (C
2l+1)⊗N ⊗ C2j+1. In the case
where j = 1
2
, we have
Ll⊗ 1
2
(u) = q−βσ
z
Rl⊗ 1
2
(u) . . .Rl⊗ 1
2
(u) =
(
q−βAl(u) q
−βBl(u)
q+βCl(u) q
+βDl(u)
)
. (14)
Using the quantum inverse problem method, we determine the vacuum vector |0〉 (all
spins are directed upwards). Taking explicit expression (7) for the R-matrix into account,
we obtain
Cl(u)|0〉 = 0 (15)
Al(u)|0〉 = φ(u+ lη)|0〉
Dl(u)|0〉 = φ(u− lη)|0〉
for this vector. If {v1, v2, . . . , vn} are the roots of the Bethe equations (see Eq. (18) below),
then the Bethe eigenvector is
ψ(~v) = Bl(v1) . . . Bl(vn) |0〉 (16)
Using the commutation relations for Al(u), Bl(u), and Dl(u) [2] following from Yang-
Baxter equation (6), we obtain the expression for the eigenvalues of the transfer matrix
Tl, 1
2
(u) = q−βAl(u) + q
βDl(u)
Tl, 1
2
(u) = q−βφ(u+ lη)
n∏
i=1
sin(u− vi − η)
sin(u− vi) (17)
+ q+βφ(u− lη)
n∏
i=1
sin(u− vi + η)
sin(u− vi) .
The Bethe equations themselves can be derived taking into account that Tl, 1
2
(u) has no
poles in the complex plane of the spectral parameter u. The equations have the form
φ(vk + lη)
φ(vk − lη) = q
2β
n∏
i=1
sin(vk − vi + η)
sin(vk − vi − η) . (18)
The Baxter’s Q-operator acts in the space (C2l+1)⊗N . By definition, it has the eigenvalues
Ql(u) =
n∏
i=1
sin(u− vi). (19)
Taking Eq. (17) into account, we obtain the Baxter TQ-equation, generalized for the case
of an arbitrary spin l:
Tl, 1
2
(u)Ql(u) = q
−βφ(u+ lη)Ql(u− η) + q+βφ(u− lη)Ql(u+ η). (20)
According to [5], such an equation can be interpreted as a discrete analogue of a second-
order differential equation; therefore, there must exist a second linearly independent so-
lution Pl(u) corresponding to the same eigenvalue of the transfer matrix:
Tl, 1
2
(u)Pl(u) = q
−βφ(u+ lη)Pl(u− η) + q+βφ(u− lη)Pl(u+ η). (21)
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The connection between the transfer matrix and the operators P andQ can be determined.
We do not go into the details of the calculation and just write the result:
tl,j(u) = q
βq
2β
η
u
[
Pl
(
u+ (j +
1
2
)η
)
Ql
(
u− (j + 1
2
)η
)
(22)
− Ql
(
u+ (j +
1
2
)η
)
Pl
(
u− (j + 1
2
)η
)]
,
where tl,j(u) is connected with Tl,j(u) through relations (10). Formula (22) also deter-
mines the normalization of the function Pl(u) not fixed by Eq. (21). Strictly speaking,
relation (22) is a hypothesis confirmed by the coincidence of Eq. (12) with the func-
tional fusion relations for the transfer matrices obtained using connection (22), while
formula (22) can be easily verified by direct calculation if the spin values are suficiently
small. Therefore, formula (22) can be proved by induction. Analytic properties of the
function Ql(u) are determined by formula (19), for example, Ql(u+ π) = (−1)nQl(u). In
the next section, we investigate the properties of the function Pl(u) in the case where the
anisotropy parameter is equal to the root of minus one.
Truncation of fusion relations for the anisotropy parameter qp+1 = −1. It
follows from relation (22) that for qp+1 = −1 (i.e., η = pi
p+1
) and with the condition
Q(u+ π)
Q(u)
=
P (u+ π)
P (u)
, (23)
satisfied, fusion relations (12) are truncated, i.e.,
tl, p
2
(u) = 0 (24)
tl, p
2
−j− 1
2
(u) = −(−1)n−βtl,j(u+ π
2
).
We investigate the conditions under which requirement (23) is satisfied. We set j = 0 in
Eq. (22). Using Eq. (10), we obtain
q−β
∏2l
k=1 φ(u+ (k − l − 12)η)
Q(u− η/2)Q(u+ η/2) = q
2β
η
u
(
P (u+ η/2)
Q(u+ η/2)
− P (u− η/2)
Q(u− η/2)
)
. (25)
The left-hand side of Eq. (25) is a ratio of trigonometric polynomials that can be uniquely
expanded in a sum:
q−β
∏2l
k=1 φ(u+ (k − l − 12)η)
Q(u− η/2)Q(u+ η/2) = K(u) + q
−βG(u+
η
2
)
Q(u+ η
2
)
− qβG(u−
η
2
)
Q(u− η
2
)
, (26)
where K(u) and G(u) are uniquely determined trigonometric polynomials of the degrees
deg(K(u)) = 2lN − 2n and deg(G(u)) < n. We also use another expansion,
K(u) = q−βF (u+
η
2
)− qβF (u− η
2
), (27)
and then
P (u) = q
−2β
η
u(Q(u)F (u) +G(u)). (28)
We require that the behavior of the function F (u) under the shift of the argument by π
is same as that of the function F (u), i.e., K(u+ π) = (−1)2lNK(u). We then obtain the
condition
(−1)2β = (−1)2lN . (29)
5
Solving Eq. (27) by expanding the functions K(u) and F (u) in Fourier series, we obtain
yet another condition,
lN − n < min(β, p+ 1− β) mod (p+ 1). (30)
Therefore, conditions (29) and (30) are necessary for truncation (24) of functional fusion
relations (12).
Algebraic structure. It is known that for the XXZ-chain of particles whose spins are
1/2, the truncation of functional relations (12) is explained by the transfer matrixTl, p
2
(u)
being expressible either as
Tl,p/2(u) = X
p(. . .) + (. . .)X, (31)
in the case of open boundary conditions of special type [6] or as
Tl,p/2(u) = X
p+1−δ(. . .) + (. . .)Xδ, (32)
in the case of generalized periodic boundary conditions [7], where δ = β − s is a positive
integer number, the integer or half-integer s is an eigenvalue of the operator Sz (β is
integer or half-integer as s, because δ always integer), and the operators X and Sz are
the generators of the quantum algebra Uq(sl(2)) with the forms
X =
N∑
i=1
q
1
2
(σz
1
+...+σz
i−1
)σ+i q
−
1
2
(σz
i+1
+...+σz
N
), Sz =
N∑
i=1
1
2
σzi . (33)
The dots (. . .) in formulas (31) and (32) denote certain operators obtained in [6] and [7],
whose explicit form is unimportant in this analysis. The truncation of the fusion relations
occurs on the cohomologies
Vp = KerX/ ImX
p, (34)
in the case described by Eq. (31) and on the cohomologies
Vp,δ = KerX
δ/ ImXp+1−δ. (35)
in the case described by Eq. (32). Practically, the particle spin values are not used for
obtaining formulas (31, 32). Therefore, formula (32) also holds in our case, but with one
correction: in this case, the generators X and Sz of the quantum algebra Uq(sl(2)) are
expressed by the formulas
X =
N∑
i=1
qHˆ1+...+Hˆi−1Eˆiq
−Hˆi+1−...−HˆN , Sz =
N∑
i=1
Hˆi. (36)
In this formula, the matrix elements of the operators Eˆ, Fˆ , and Hˆ are given by expres-
sion (8) where j should be replaced with l.
Chain of particles with spin l = 1 with the anisotropy parameter equal to root
of minus one. We consider the simplest case where q5 = −1. We use the notation
G(u) ≡ T1ˆ,1(u+ 2π/5) for convenience. We then obtain the functional equations
G(u+
π
2
) = G(u− π
2
) (37)
G(u+
π
10
)G(u− π
10
) = sinN(u+
π
10
) sinN(u− π
10
)
×
(
G(u+
π
2
) + sinN(u+
3π
10
) sinN (u− 3π
10
)
)
,
6
from relations (10, 24). It can be seen that G(−u) = G(u). Because the transfer-matrix
eigenvalues have no poles with respect to u, the solution of Eqs. (37) should be sought in
the form
G(u) =
N∑
k=0
gk cos(2ku). (38)
We now consider the chain of four particles. In this case, the solution of system (37) has
the form
G1,2(u) =
1
32
sin4(u)
(
6± 5(
√
5− 3) + 5(
√
5− 1) cos(2u)+ (39)
+ 2(
√
5 + 1) cos(4u)
)
,
G3(u) =
1
32
sin4(u)
(
3
√
5− 9 + 4(
√
5− 2) cos(2u)−
−2(
√
5− 1) cos(4u)
)
,
G4,5(u) = sin
4(u)

37− 15
√
5±
√
430− 70√5
64
+
+
√
5− 4±
√
205− 80√5
16
cos(2u)−
√
5− 1
16
cos(4u)

 .
Using formula (13), we obtain the corresponding energy levels:
E1,2 = (1−
√
5)± (1 +
√
5), (40)
E3 = −1 + 3
√
5
2
,
E4,5 =
1
4
(
7− 3
√
5±
√
94 + 22
√
5.
)
To verify this result, we calculated the energy eigenvalues and compared them with those
given by Eqs. (40). Levels (40) are unique, while the other levels in the same sectors are
degenerate.
Conclusion. We have proved that the fusion relations for transfer matrices with an
arbitrary spin l are truncated. The truncation occurs if conditions (29, 30) are satisfied
on the space of cohomologies (35). The truncation results in a closed system of equa-
tions whose solution determines the energy spectrum of states in the reduced Heisenberg
XXZ-model for a chain of particles whose spin is l with generalized periodic boundary
conditions.
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